The largest field that can be obtained at the pole tip of an iron core quadrupole is limited by saturation in the iron and by its excitation by either the current density in the coil or the remanent field of the permenent magnet material. An analytical model is used to fmd the saturation limited performance of quadrupoles with either electromagnet or permanent magnet excitation. The results are presented in a form that can be used to evaluate proposed magnet designs but. more significantly, show that the strength of the excitation has less of an effect on the pole tip field than the size of the magnet needed to achieve it. and that saturation has more of an effect on the achievable field strength than excitation strength does.
Introduction
The largest usable field that can be obtained in an iron core magnet is limited by saturation in the iron and by its excitation either by the cmrent density in the coil or the remanent field of the permanent magnet material. Although computer programs like POISSQNl can be used to evaluate specific magnet designs in the presence of saturation, and can give extremely accurate results, they do not provide their users with any fundamental understanding of the behavior of the magnets. Computer methods may also be unacceptably slow on even the largest supercomputers when a large number of variables must be optimized in a design because an enormous number of runs may be needed to study all of the possible relevant configurations. Analytical approximations, however, can often predict the performance of a magnet to better than 10% accuracy, and more readily show the principles underlying its behavior.
1. POISSON is an improved version of TRIM [originally written by A.M. Winslow, J. Computer Phys. 1 (1967) 149] and was developed by J.R. Spoerl, R.F. Holsinger, and K. Halbach.
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An analytical model is used to predict the maximum field that can be obtained at the pole tip of an iron core quadrupole with either electromagnet or permanent magnet excitation. 2 By symmetry, only the 45° segment of the magnet, shown schematically in fig. 1 , is needed to understand the problem. Only two dimensional (2D) fields far from the ends of the magnet will be considered to avoid excessive mathematical complexities although the model can be extended to 3D. We assume that the iron has infinite permeability but account for saturation by restricting the maximum flux density in the pole to a value that is reasonable for the material used. The model can also be extended to incorporate finite but constant permeability below saturation. Similar models can be used to analyze higher order multipole magnets as well.
The results of the calculations will be presented in a general form that can be used to evaluate specific quadrupole designs. More importantly, they show that the strength of the excitation, whether remanent field in a permanent magnet or current density in an electromagnet, has less of an effect on the maximum pole tip field than on the size of the magnet needed to achieve it and that the saturation induction of the pole material has a much greater effect on the achievable pole tip field than the excitation strength does.
Electromagnet Quadrupoles
Dimensional analysis shows that the relationship between the pole tip field Bo, the saturation induction Bs, the aperture radius ro, and the current density j in an electromagnet can be represented by a functional relationship between two dimensionless products. Of the many possible representations of this relationship, we will consider B 0 / Bs as a function of J.Lo)r 0 / Bs to study the limits on quadrupole performance, and will later use that information to plot B 0 / J.Lo)ro as a function of Bs/ J.Lo)r 0 to see the strong effects of saturation on performance more clearly. Our model is based on the following considerations:
1. The pole tip field Bo is determined trivially by the number of Ampere-turns in the magnet coil which is just the current density j multiplied by the area of the coil.
2. The largest achievable field is considered limited when the maximum field anywhere in the pole is IBimax = Bs, the saturation induction of the material. How this is obtained is complicated and will be described in detail below.
3. Referring to the cross-sectional view of an electromagnetic quadrupole in fig. la , the average field B on some slice through the pole, such as the one labeled 4 5 in the drawing, is given by the flux through the slice divided by the distance to the centerline D(x).
2. We will be considering pole tip fields rather than field gradients because we will be using a model that is independent of the size of the quadrupole. The gradient in any particular quadrupole can of course be obtained by dividing the pole tip field by the aperture radius.
\ )
., [•, ·t'i 4. The field lines in the coil region are assumed to be circular arcs of constant magnetic field. The flux in the pole is the sum of the flux that enters the pole through the boundary with the coil and the flux that enters through the pole face (segment 01 in the drawing) with a correction for the fact that the field lines are not exactly circular near the end of the pole face (point 1 in the drawing).
One could optimize the geometry of the magnet by curving the boundary between the pole Y and the coil but this is not practical either for the analysis or for construction.
In formulating our model we will first derive a formula for the average field on any slice through the pole 4 5
( 1) with the meanings of x, x 1 , and xz, indicated in fig. 1a . The angle a 1 is determined by the quality of the magnetic field that is required in the aperture of the quadrupole, and as we shall see, the strength of the pole tip field B 0 that can be obtained depends strongly on the value of a 2 . Using the dimensionless variables
and
we will then recast eqn. 1 in the dimensionless form
The quantity G 1 will have a maximum at some x; we next associate that maximum value of G 1 with the saturation induction:
IBimax Bs 1
We can therefore find the relative pole-tip field P 1 for any value of P3, and from these obtain the relative excitation P 2 needed to produce it . Now that we have outlined the logic behind our model, we will present its formulation in detail. The current I required to produce B 0 is given by the expression
Considering j given, eqn. 5 determines x2. The magnetic field on any circular arc in the coil region , such as 3 4, is assumed to be constant and is given by (6)
The flux entering the iron through the coil between points 1 and 4 is therefore (7) The flux F(x) passing through the surface 45 within the pole is the sum of the flux F 0 that enters through the pole face 0 1 and the flux F1 through the coil. The contribution from the pole face can be found from a conformal mapping of the quadrupole into dipole geometry 3 (Sa)
where (Sb) The first term on the R.H.S. of eqn. Sb represents the flux that enters the pole face while the second term is a correction for the increased magnetic field on both sides of the edge of the pole. For a properly shimmed pole, the relationship between the tolerable relative field error 6.B / B within the aperture and a 1 is given to a good approximation by
The average field in the iron along surface 4 5 is where
where x in this case is measured from the point directly beneath point 1 in fig. la ; this is easier to derive directly rather than by taking the limit of eqn. lOa.
What do these complicated expressions tell us about the behavior of the magnetic field in the iron? We see from the derivatives of eqns. lOa and lOc, that if B(x) has an extremum, it 3. K. Halbach, "Insertion Device Design", L.B.L. Internal Publication V-8811-1. 1-16 (Mar. 1989) . must be a maximum. This means that at most one maximum can be found. In other words, the magnetic field will be largest at one location in the pole and will be less everywhere else. Obviously, the maximum field in the pole must be found at either xi, x 2 , or somewhere in between. From the values of H(x) at the endpoints, xi and xz, we find that the maximum is found either in the middle of the pole or at XI, when a2 < 45° but is found at xz when a2 = 45°.
To find the maximum usable field, we now follow the procedure described above and V rewrite eqns. 10~ and lOc in dimensionless forms:
for a2 =j :. 0, and for a2 = 0, where and
We then use eqn. 4 to predict the maximum usable pole tip field in the quadrupole from the maximum value of eqn. lla or llb.This can be obtained analytically from eqn. llb when a2 = 0, but a numerical solution of eqn. lOa is required when a 2 > 0. Finally, the required extent of the coil, x2 can be found from eqn. 5. 
are also shown. The two sets of curves can be used to predict the maximum pole tip field that can be produced in a quadrupole for given values of B s, ro, j, and a2, and also predict the necessary coil length. An alternate horizontal axis is shown as well for the specific case where j = 2 kAI crn 2 (a generous limit for the maximum current density in a water cooled 5 copper coil) and Bs = 1.8 T (approximately the saturation induction in soft iron). From this, one can estimate the maximum pole tip field that can be reached in a water cooled, iron core, electromagnetic quadrupole with a given bore radius.
Examining the graphs, it seems surprising that as P 2 goes to zero, P 1 approaches an asymptotic value that is not zero! This is possible within the framework of this theory because Xz goes to infinity as P 2 goes to zero (see eqn. 2). If one puts a limitation on the size of the magnet, P 1 will be zero when P2 = 0.
V
The asymptotic value of P 1 reached as P2 goes to zero is plotted as a function of a 2 in fig. 4 . This graph also shows that the optimal choice of a 2 is in the range from 5o to 10° for small values of P2. Figs. 2 and 3 show however, that the best choice has a 2 = 0° when P 2 is large.
Figs. 2 and 3 show that for a given value of r 0 , B 0 / Bs increases slowly with increasing current density. Clearly, saturation in the iron is a stronger limit on magnet performance than current density. Bo for this design from 1.1 T to 1.5 T.
POISSON simulations were used to test the ability of the model to predict the largest poletip field that can be obtained before the iron saturates. POISSON results with and without saturation for a quadrupole design with r 0 = 3.5cm, Bs from l.ST, j = 2kA/cm 2 , a 1 = 15.11° and a 2 = 5° are plotted in fig. 6 as a function of the quadrupole size rz. Saturation effects d~ not appreciably reduce the field until r 2 is larger than the optimum value given by the model, r2 = 10.49 em. POISSON results at the optimum size are compared with the prediction of the model in Table 1 . They agree to within 2%. It is interesting to note that, contrary to the electromagnetic case, these expressions are independent of ro, which means that the strength of a permanent magnet quadrupole (or any other permanent magnet) is independent of the bore radius.
Our analysis applies to "current sheet equivalent materials" 5 (CSEM) such as samarium cobalt or neodymium iron boron, with (14) where He is the coercivity of the material; we assume implicitly that this relationship is exactly true and, consequently, that the differential permeabilty of the material is exactly unity. The analysis can be easily extended to constant but non-unity values of fl.· It does not, however apply to materials like alnico with non-linear B(H) curves which would, however, be so weak as to be of very little interest. Fig. lb shows a schematic view of a 45° segment of the cross section of a permanent magnet quadrupole with iron poles. In order to establish the maximum usable pole tip field we will only examine the portion of the pole up to the point at x 2 where the field entering the side of the pole starts to have the opposite polarity from the field entering the pole tip. The rest of the magnet must also be designed but, if done properly, will not have a flux density that is larger in magnitude than IBimax in the part under consideration.
To achieve the largest possible field, we assume that the CSEM is arranged in the configuration shown in fig. 1 b. The CSEM can also be arranged with the easy axis and two sides of the block aligned perpendicular to the x-axis, but the pole tip field will be smaller and, in the following analysis, all values of BR must be multiplied by cos a2. Again, similarly to the last section, we obtain where
or in dimensionless form,
The largest usable pole tip field is thus given by the expression
which can now be evaluated numerically.
When az = 0 we similarly have
where x is measured from the point directly beneath point 1 in fig. 1 b. The behavior of this function is very simple, and depends on whether P 2 is less than or greater than Po = -1 (~ -1) .
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8 and the maximum field is found at x = 0. 'YVhen P2 > P 0 , P 1 has the constant value
but the maximum field is found at x = oo. For any finite sized quadrupole, the maximum pole tip field will always be less than the limit given by eqn. 20c. Fig. 7 shows a plot of P 1 vs. P 2 for a 1 = 15.11° (corresponding to a field quality of 10-3 ), for a range of values of a2. The graph also shows the limiting value of P 3 , given by eqn. 17 and several lines of constant r2/ro, given by eqn. 12. As explained above, these lines neveb reach, but are asymptotic to, the constant portion of the curve of P 1 vs. P 2 for a 2 = 0° for which r2 = oo. Because P2 is already greater than 0.5 for the CSEM that is now available, we see from the graph that any additional increase in B R will not lead to increased pole tip fields.
We also see from fig. 7 that, as in the electromagnetic case, P 1 approaches a non-zero value as P 2 goes to zero. This limit is exactly the same as the limit for the electromagnetic quadrupole, plotted in fig. 4 , which should not be too surprising since the two quadrupoles should behave exactly the same in the limit of vanishing excitation.
Conclusions
We have described a model that can be used to predict the maximum pole tip field achievable in an iron core quadrupole before the iron saturates. By using dimensionless variables, we formulated the model in a form that can be readily used to evaluate specific designs and have presented a series of graphs showing the results for magnets with 0.1% field quality. vVe have seen that the results of the model are in excellent agreement with POISSON simulations.
Most significantly, we have seen two surprising effects of saturation. The results show that excitation strength in both permanent magnet and electromagnet quadrupoles has less of an effect on the maximum pole tip field than on the size of the magnet needed to achieve it; i.e. an optimally designed magnet with a low current density in the coils will obviously be larger than one with a high current density but will reach nearly the same pole tip field. Second, they show that the saturation induction of the pole material has a much greater effect on the achievable pole tip field than the excitation strength does. This suggests that any future development of high saturation induction materials may be as revolutionary to the design of quadrupoles (and higher multi poles) as the development of permanent magnet materials such as samarium cobalt and neodymium iron boron was to the design of wigglers and undulators.
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